I. INTRODUCTION

D
ESPITE MANY recent reports of nanobundle network thin-film transistor (NB-TFT) whose channel material is composed of NBs of single wall carbon nanotubes (SWCNTs) [1] - [6] or silicon nanowire (SiNW) in variety of applications (see Fig. 1 ), there is no theoretical work on the current-voltage (I-V ) characteristics of these devices to systematically interpret the experimental data from various laboratories, optimize their structure, and determine their performance limits. Based on the configuration characteristics of CNT/SiNW and their applications, there are two types of NB-TFTs [7] , [8] . The type-I NB-TFTs have a stick (e.g., CNT/SiNW) density below the global percolation limit, 1 so that the channel length L C may be chosen shorter than the stick length L S for functional devices with reasonable performance. These TFTs address two primary concerns regarding electronics based on single-CNT transistors: self-aligned placement of individual transistors and the drive current being limited to 20-25 µA/tube. Therefore, type-I TFTs may have applications in microelectronics and power transistors with ON current (I ON ) of the order of milliamps, much higher than single NW/NT devices, but still with ON/OFF ratio of ∼500 [6] . On the other hand, the type-II NB-TFTs have a stick density above the global percolation limit [5] , such that electrons percolate from any one point of the network to the other, and therefore, the channel length of the transistor (L C ) can be larger than the stick length (L S ). These transistors have emerged as a viable higher performance alternative to polysilicon [9] and organic material based TFTs [10] with possible applications in macroelectronic displays, chemical/biological sensors, photovoltaics, [1] - [6] etc. A computational model of the I-V characteristics of type-II NB-TFTs has been discussed in [11] and [12] . Although the type-I NB-TFTs could be analyzed within that numerical framework as well, in this paper, we use an elegant reformulation of the "Buffon Needle Problem" [13] to develop an analytical theory of the I-V characteristics of type-I NB-TFTs and use the theory to model recent experiments and assess device performance.
II. ANALYTICAL MODEL
Consider a typical NB-TFT [6] , [14] [ Fig. 1(a) , top view of the transistor] assembled with a bundle of nanosticks of length L S , isotropically oriented (0 ≤ θ < 2π) onto the gate oxide surface. The sticks are generally grown on a temporary substrate at high temperature to ensure nearly crystalline properties and then dispersed in a solution and transferred to the final substrate by a solution processing. If all sticks in Fig. 1(a) (top view of the transistor) were collected at a point (with angles preserved), we obtain a fan diagram as shown in Fig. 1(b) . Fig. 1(c) shows a zoomed-in version of one of the 0018-9383/$25.00 © 2007 IEEE nanosticks from Fig. 1 
, and x as channel length, channel width, intercepted channel length for individual sticks, and total stick overlap component with the S/D along the channel axis, respectively. For type-I NB-TFTs, L S > L C and the density of sticks is low, so that the stick-stick interaction is not important. The CNT NB-TFT is generally composed of metallic (m-CNTs) and semiconducting (s-CNTs) tubes. We neglect the details of the chirality and the diameter distribution of CNTs in our analysis because their influence on transistor characteristics will be statistically averaged over a large number of tubes. In addition, although the contact resistance will vary for different sticks, when averaged over a large number of sticks, we can model this as a common series resistance which can be extracted from the experiments. We further assume that the m-CNTs have been removed (by electrical filtering, the exact procedure of the filtering is discussed in the next section), and the angular and spatial distributions of the nanosticks are uniform over the entire substrate; the number of tubes that originates (have a starting point) from a vertical strip of the incremental length dx at a distance x is given by D C dx and these sticks from a separate fan similar to the one shown in Fig. 1(b) with a maximum angle of θ m (x). Here, D C is the (linear) density of the tubes. Since the tubes are isotropically oriented, the probability that a stick makes an angle between θ and θ + dθ is given by dθ/(π/2). Here, we consider only the first quadrant due to symmetry. The total current through the NB-TFT is the sum of all the currents through individual nanosticks I (i) D and is given by
where
By a change of variable, (1) is rewritten as
where from Fig. 1(b) ,
is the maximum angle any nanostick can make with the channel axis. To calculate the total current through the NB-TFT, the current through the individual nanostick I (i) D is needed. Here, we will first consider three limiting cases, i.e., ballistic or short channel limit, long-channel limit, and velocity saturation limit, before developing a general expression for the I-V characteristics appropriate for any bias conditions and channel lengths.
A. Ballistic Limit
If the channel length is shorter than the mean-free path (λ) of the electrons, the electrons can travel from the source to drain without experiencing any scattering. In this ballistic limit, the current through each stick is independent of the stick length and is given by I
is the amount of the gate-induced charge in the nanostick, V TH is the threshold voltage, and C OX is the gate capacitance. In addition, the charges move with the thermal velocity of υ T = (2kT /πm * ) 1/2 . Since the ballistic current
D,B is independent of the intercepted channel length and, therefore, would have no dependence on θ, (2) in the ballistic limit simplifies to (3) can be evaluated as
where (4) has several interesting implications: First, the drain-current in the ballistic limit scales linearly with the density of the tubes D C . However, at high enough density, the tube-tube interaction could become strong, and this linearity between density and tubes may not hold. Second, for the limit
, g B ∼ 0 and the I D,B ∼ 0, as expected, because in this limit, none of the sticks can bridge the channel from the source to drain. This inverse scaling of I D,B with L C could be misinterpreted as a classical ohmic conduction [see Fig. 2(b) ], because after all, there is no scattering in the ballistic limit. In reality, the L C dependence arises from the fact that the number of tubes that can bridge the channel reduces linearly with the increasing L C -a statistical phenomena that should not be confused with the scattering-dominated ohmic conduction. Finally, in this limit, the device-to-device fluctuation, a significant challenge for polysilicon films, can be reduced by growing the tubes such that L S > 3 × L C,max . This independent control over the "grain-size" (i.e., growth of the sticks) proves to be a significant advantage of this technology.
B. Long-Channel Limit: Linear Response
Typically, the NB-TFTs described in the literature are several tens of micrometer long and should be considered in the longchannel limit. For such NB-TFTs with a channel length longer than the mean-free path of the electrons (L C > λ) and the electrical field at the beginning of the channel smaller than the threshold field (ξ < ∼ 5 × 10 5 V/cm) for velocity saturation, the transport in each bridging stick is diffusive, and the current is inversely proportional to the intercepted channel length L (i) which can be written as Fig. 1(b) . The current in each stick in diffusive limit is given by I [15] , and an appropriate expression can also be written for V G < V TH . The total current in the long-channel limit is given by substituting I
In other words, as the stick length approaches the channel length, the number of tubes crossing the channel approaches zero and so does I D,D . However, the diffusive limit assumed to derive (5) is not valid in the limit
This arises from the fact that the original assumption of L C > λ can no longer be valid in this limit. Equation (5) shows that the current in diffusive limit is not simply ∝ 1/L C as expected for the normal MOSFET. This is because, first, the number of sticks varies nonlinearly as a function of L C and L S , and second, the path length for each stick depends on the angle it makes with the channel axis, while in the normal MOSFET, most of the current flows parallel to the channel axis.
C. Long-Channel Limit: Velocity Saturation
As the last limiting case, consider a long channel (L C > λ) NB-TFT operating in high gate and drain biases with an electrical field at the beginning of the channel larger than the threshold field for velocity saturation. In this case, the transport in all the sticks would be in velocity saturation limit and, therefore, would again be independent of the channel length. In this case, the current through each stick is given by I
, where υ sat is the saturation velocity of the carriers and
By solving, we get an expression for the current in saturation limit
/R S ). In the limit L C → L S , the saturation limit current, I D,sat → 0, as expected, owing to the lack of stick-stick interaction, and for
D. Intermediate Channel Length
Finally, for the general case of the intermediate channel lengths, none of the above approximations would be strictly valid (e.g., the sticks parallel to channel axis, θ ∼ 0, can be near ballistic limit, while sticks making an angle, θ = θ max , with channel axis can be near diffusive limit), yet the I-V characteristics of any single nanostick can still be described by a simple analytical expression based on a transmission point of view [17] , [18] . An exact analytical result for the NB-TFT can be obtained by replacing 1/L (i) with 1/(L (i) + λ), where λ = λ D , which is the mean-free path for carriers. The current in each stick in the intermediate channel limit is given by I
The total current is given by
where b = λ/L C [ Fig. 2(a) ]. A typical transistor characteristic based on (7) is shown in Fig. 2(a) . In the limiting case, for λ L C , i.e., b → 0, λ in the middle expression of (7) can be neglected such that (7) reduces to (5), i.e., Fig. 2(b) ]. On the other hand, for L C λ, the term L C / cos θ drops out. Using the phenomenological value of [18] , 2 in the low bias limit, we can write
Further, this last term in the square brackets reduces to υ T by using the definition for the diffusion coefficient [18] and the Einstein relation [19] 
υ T which is the ballistic limit current expression through individual tubes. Hence, for L C λ, the current through each stick becomes independent of the stick length, and the total current can be shown to approach the ballistic limit, Fig. 2(b) ]. Fig. 2(c) shows the fraction of tubes in ballistic (
limits as a function of channel length (L C ) assuming a hard threshold of L (i) = λ D for the transition for illustrative purpose. Also, finally, in the long channel (L C λ) high bias limit, again, λ in the middle expression of (7) can be neglected, and if the electric field is higher than the threshold field (ξ > ∼ 5 × 10 5 V/cm) for velocity saturation, we can write (7) to (6) . Thus, (7) is indeed the generalized current expression for NB-TFTs that reduce to appropriate limiting cases of (4)- (6), as expected. 
III. NUMERICAL AND EXPERIMENTAL VERIFICATION
Other two verifications of the unique predictions of the proposed model by recent experiments: First, we consider the inverse scaling of I ON and I OFF versus L C [6] , and second, the most compelling verification for the model presented in this paper comes from the explanation of the experimentally observed ON current flipping [ Fig. 9(b) ] in the electrical purification of NB-TFTs. The ON current that scales inversely with L C (before electrical purification) flips and becomes proportional to L C after the electrical purification process.
A. Interpretation of ON and OFF Currents
As mentioned earlier, the CNT NB-TFTs are composed of metallic and semiconducting CNTs and have a considerable OFF current as 1/3rd of the tubes are metallic [20] . So far (in Section II), we have modeled the current of s-CNTs only. In order to verify and quantitatively explore the contributions from m-and s-CNTs, the I-V characteristics of the individual metallic CNTs with different channel lengths (as shown in Fig. 3 ) were computed using a separate Monte Carlo simulation (details are given in [21] ). These values were tabulated and then used in the simulation of metallic subnetwork of NB-TFT that is composed of randomly oriented metallic tubes. I ON and I OFF scale inversely with L C [6] as expected, but at different rates. To properly account for this inverse scaling of I ON and I OFF of type-I NB-TFTs, we consider three factors associated with Fig. 3 . I-V characteristics of metallic CNTs are computed by a separate Monte Carlo simulation, which has been validated by experiments and explained in [21] in detail. For a long CNT, the current saturates at 25 µA, but for a short CNT, carrier transport is quasi-ballistic and the current can be well above 25 µA. This is used in Fig. 5 . a random distribution of tubes, e.g., statistical effect, transport effect, and average length effect.
1) Statistical Effect:
The statistical effect accounts for the increased probability of sticks to bridge S/D as the channel length decreases [ Fig. 4(a) ]. If all the sticks in Fig. 1(a) were collected at a point with the angles being preserved, we obtain a fan diagram (Fig. 5 ). The fan diagram shows that more sticks bridge S/D for NB-TFT with smaller L C [ Fig. 5(a) ] than the one with a larger L C [ Fig. 5(b) ]. If only the statistical effect is considered, the current is proportional to the total number of sticks which is in turn proportional to the current in the ballistic limit (4) . Here, we use the ratio of the ON current through a metallic and a semiconducting tube (R ON = I ON,M /I ON,S ) as a fitting parameter, assuming that I ON,M is independent of the gate voltage and the ON/OFF ratio of a single s-CNT is 10 4 . 2) Transport Effect: NB-TFTs with shorter channel lengths not only have more sticks bridging the S/D but also have shorter effective channel length for each stick producing less scattering and even higher current [ Fig. 4(b) ]. If the transport effect is also considered, the current is given by the general intermediate channel length equation [see (7)], and the slope of the curves is closer to the experimental result than the one shown in Fig. 4(a) .
3) Average Length Effect: Fig. 9(d) shows that the experimental ON/OFF ratio before an electrical breakdown (V B = 0) is proportional to the channel length. In other words, I OFF decreases faster than I ON with an increasing channel length. For NB-TFTs with a density lower than a percolation threshold, and for L C < L S , where the stick-stick interaction is not important, one of the ways this effect can be explained is if the average length for metallic (m)-SWCNT L M ∼ 350 nm is less than semiconducting (s)-SWCNTs L S ∼ 1000 nm [ Fig. 4(c) ], and I ON , I OFF are proportional to a current in diffusive limit, (5), presuming L M ∼ 350 nm for current through the metallic tubes. The other way the dependence of the ON/OFF ratio on L C can be explained is by presence of the contact resistances for m-and s-CNTs. The total statistical effect, which is the sum of (1) and (3), interprets this experiment. Here, the mean-free path for s-SWCNT is λ D ∼ 300 nm [22] .
B. Interpretation of Electrical Filtering of Metallic Tubes
As the second illustration of the effectiveness of the new analytical formulation, the model offers unique insights into and interpretation of the experiments involving widely used electrical purification of NB-TFTs for improving the ON/OFF ratio [4] - [6] , [23] (Figs. 5-9 ). As ∼1/3rd of the tubes are metallic and ∼2/3rd are semiconducting, the NBT can be thought of having composed of two separate networks (i.e., metallic and semiconducting) in parallel, and the ON/OFF ratio is generally poor (∼3). We neglect the tube-tube crossings as the network is below a global percolation threshold, since the influence of such contacts on the overall performance of the transistor is typically small (< 10% for L C /L S = 0.1 at half the global percolation limit). The purification process involves removing the m-SWCNTs by first applying high +ve V G to turn OFF s-SWCNTs with a p-type conduction and, then, applying a large drain burn pulse (V B ) to burn m-SWCNTs [6] . The puzzle of the experiment is that although, initially, (and as expected) I ON scales inversely with L C , however, beyond a threshold V B , the trend reverses, and I ON becomes proportional to L C [ Fig. 9(b) ]. Our model interprets this as a consequence of modification of the bridging probability between S/D as a function of V B . The electrical burning breaks all CNTs with a length shorter than a critical burning length L B corresponding to a given V B . If all the sticks in Fig. 1(a) were collected at a point (with angles preserved), it is easy to see that more sticks connect the S/D for a transistor with a shorter channel length (L C = 90, 230 nm and L S = 400 nm) before the electrical burning process, as shown in the fan diagram [compare Fig. 5 (a) and (b)]. However, in the electrical burning process, the sticks with the lowest effective channel length burn first, as they carry more current, opening up the fan as shown in Fig. 6 . The current after the electrical burning is given by
where (7) and (8) Fig. 7(b) . The dotted and dashed lines correspond to the situation before (Fig. 6 , L B = 0) and after (Fig. 7, L isolated tubes [21] , [24] . However, the crossed tubes considered here force the s-CNT to burn as soon as the m-CNT burns, making these characteristics similar. Combining these results, Fig. 9 shows that our model can quantitatively interpret the measured data of I ON versus V B [ Fig. 9 
IV. CONCLUSION
We have developed and validated a comprehensive analytical model for the I-V characteristics of type-I NB-TFTs. The model provides a simple relation between the transistor characteristics and the design parameters, which is useful for the (Fig. 4) , the trend reverses after a critical burning voltage V B = 4 V due to the statistical factor (Figs. 5-7) . Also, the ON/OFF ratio scales with L S which can be explained only if L M < L S . Simulation interprets experimental data quantitatively. Here, V DS = 1 V.
NB-TFT design optimization and can be readily used as compact model in circuit simulators to design large-scale circuits based on type-I TFTs. In addition, the model provides a theoretical framework to interpret recent experiments on transistor characteristics and electrical purifications of NB networks. This could allow the development of an efficient protocol for electrical purification of CNTs, a significant roadblock for rapid adoption of the type-I NB-TFTs. Finally, the methodologies presented here are readily generalized to the anisotropic distribution of sticks that several groups are currently exploring for higher performance short channel NB-TFTs.
APPENDIX ELECTRICAL BURNING FOR NANOBUNDLE NETWORK TRANSISTORS
The ON/OFF ratio of the CNT NB-TFTs can be improved by electrical burning the m-CNTs. First, the semiconductor nanosticks of the transistor are turned OFF by applying a positive gate voltage. Then, a high-voltage burn pulse of increasing amplitude is applied to the drain terminal, and m-CNTs are preferentially burned by Joule heating until a desired ON/OFF ratio is obtained. Here, we present the calculations to get the burn pulse voltage V B versus the critical burning length L B -a relationship needed to interpret Fig. 9 quantitatively.
To compute the temperature rise of a nanotube for a given current flow, one must consider two mechanisms for heat dissipation: 1) flow through CNT into the S/D contacts and 2) diffusion through the supporting substrate. Defining the temperature difference, ∆T = T − T 0 , where T 0 is the ambient temperature, the heat equation becomes 
where Γ = g/κA. The maximum temperature difference is found at the midpoint (x = 0) which is given by
The I-V characteristics for m-CNTs in Fig. 3 are used for these calculations. The coupling coefficient (g) used for a single CNT transistor on SiO 2 (k ∼ 1.4 W/K · m) substrate in [25] is g = 0.15 W/K · m. This coupling coefficient also incorporates the CNT-substrate thermal contact resistance (R C ) [26] , [27] and can be written as
where g s is effective thermal conductivity of the substrate.
For CNT network transistor in [6] , the oxide substrate is Al 2 O 3 (k ∼ 30 W/K · m), and the value of g would be higher. The CNTs are burned by Joule heating at a temperature of T BURN ∼ 800
• C. (A1) is solved to find the tube length (L B ) versus burning voltage (V B ) relationship (Fig. 8) , choosing the value of g = 1 W/K · m for m-CNT on Al 2 O 3 substrate. Using this relationship, ON current (I ON ) and ON/OFF ratio versus V B is shown in Fig. 9(a) and (c) , respectively.
